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We introduce a method to quantify the initial eccentricity, gravitational wave frequency, and mean
anomaly of numerical relativity simulations that describe non-spinning black holes on moderately
eccentric orbits. We demonstrate that this method provides a robust characterization of eccen-
tric binary black hole mergers with mass-ratios q ≤ 10 and eccentricities e0 ≤ 0.2 fifteen cycles
before merger. We quantify the circularization rate of a variety of eccentric numerical relativity
waveforms introduced in [1] by computing overlaps with their quasi-circular counterparts, find-
ing that 50M before merger they attain overlaps O ≥ 0.99, furnishing evidence for the circu-
larization of moderately eccentric binary black hole mergers with mass-ratios q ≤ 10. We also
quantify the importance of including higher-order waveform modes for the characterization of ec-
centric binary black hole mergers. Using two types of numerical waveforms, one that includes
(`, |m|) = {(2, 2), (2, 1), (3, 3), (3, 2), (3, 1), (4, 4), (4, 3), (4, 2), (4, 1)} and one that only in-
cludes the ` = |m| = 2 mode, we find that the overlap between these two classes of waveforms
is as low as O = 0.89 for q = 10 eccentric binary black hole mergers, underscoring the need to
include higher-order waveform modes for the description of these gravitational wave sources. We
discuss the implications of these findings for future source modeling and gravitational wave detection
efforts.
I. INTRODUCTION
Numerical relativity (NR) has played a key role in the
discovery and interpretation of gravitational wave (GW)
observations [2–8]. As the LIGO [9, 10] and Virgo [11]
observatories continue to probe the GW spectrum, NR
will provide key insights to infer the properties of binary
black hole (BBH) mergers whose GWs exhibit strong
spin-precession, or high-order waveform modes [12–29].
These improved studies will be key to infer the forma-
tion channels of these objects, and to ascertain whether
they are accurately described by general relativity.
BBH systems that form through massive stellar evolu-
tion in the field of galaxies are expected to enter the fre-
quency band of LIGO-type detectors with nearly circular
orbits [30]. Under this assumption, NR groups have pro-
duced thousands of NR waveforms to get insights into the
physics of these GW sources [13, 31–34]. These NR wave-
forms have been used to calibrate semi-analytical mod-
els [22, 35–42], produce fast interpolators using gaussian
process regression [18, 43], and surrogate models [44, 45]
to inform the development of signal-processing tools for
GW searches [19, 46–55], and more recently to directly in-
fer the astrophysical properties of BBH mergers through
GW observations [15, 17, 56].
BBHs may also form in dense stellar environments,
such as globular clusters and galactic nuclei [57–97].
Electromagnetic observations provide evidence for their
existence in galactic clusters, and in the center of the
Milky Way [62, 98–100]. This increasing body of obser-
vational evidence has sparked the interest of the com-
munity to better understand these sources. This pro-
gram includes GW source modeling, formation channels
and merger rates, and astrophysically motivated scenar-
ios where GW observations may be used to confirm or
rule out the existence of BBHs in dense stellar environ-
ments. On this latter point, it is now widely accepted
that the measurement of orbital eccentricity through GW
observations would be the cleanest signature to furnish
evidence for the existence of compact binary populations
in dense stellar environments. It is for this reason that
the GW source modeling community is sharpening its
analytical and numerical tools to infer the imprints of or-
bital eccentricity in GW searches. [18, 22, 65, 68, 71, 101–
107].
An accurate description of the physics of eccentric
BBHs throughout the late-inspiral, merger and ringdown
requires NR [1, 20, 108–117]. Once the data products of
NR simulations are post-processed, and NR waveforms
are extracted [118], it is necessary to characterize them,
i.e., we need to quantify the eccentricity and other or-
bital parameters that uniquely identify them. One can
address this task using a variety of methods. If BBHs are
on nearly quasi-circular orbits, then one could use the ap-
proach introduced in [119], which combines information
about the orbital separation of the BHs, and waveform
phase and amplitude of the Weyl scalar ψ4. This method-
ology only includes O(e) corrections to measure orbital
eccentricity, which limits its applicability to characterize
moderately eccentric BBH mergers. Some other methods
try to infer orbital eccentricity based on the trajectories
of the BHs in the NR simulation, which is not a sound ap-
proach given that these trajectories are gauge-dependent.
We circumvent the aforementioned limitations by in-
troducing a gauge-invariant method that characterizes a
NR waveform by comparing to a large array of ENIGMA
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2waveforms [18]. The inspiral-merger-ringdown ENIGMA
model consists of an inspiral evolution that encodes
higher-order post-Newtonian (PN) corrections to the mo-
tion of compact sources on eccentric orbits, combined
with self-force and BH perturbation corrections. This
approach ensures that the dynamics of quasi-circular
and moderately eccentric BBHs are accurately described.
Assuming that moderately eccentric systems circularize
prior to merger, we attach a stand-alone quasi-circular
merger waveform to the inspiral evolution. The merger
waveforms are produced using a Gaussian Process Emu-
lator [120] that is trained with NR waveforms describing
quasi-circular BH mergers.
In summary, our goal is to constrain the PN parame-
ters that produce the optimal overlap between ENIGMA
waveforms and their NR counterparts. This study is
timely and relevant if we are to use NR waveforms
to properly characterize future observations of eccentric
BBH mergers. Once we showcase the application of this
method, we also quantify the circularization of eccentric
BBHs near merger, and quantify the impact of higher-
order waveform modes in the morphology of eccentric
NR waveforms.
This paper is organized as follows. In Section II we
describe how we adapted the ENIGMA model to character-
ize eccentric NR waveforms, and present results of this
method in Section III. In Section IV we study the cir-
cularization of moderately eccentric BBH mergers that
retain eccentricity a few cycles before merger. We use
overlap calculations to quantify the impact of higher-
order waveform modes on the morphology of eccentric
BBH mergers in Section V. We summarize our findings
and future directions of work in Section VI.
II. METHODS
We measure the orbital eccentricity of NR waveforms
using the ` = |m| = 2 mode. The rationale for this
choice is that we are characterizing NR waveforms using
the ENIGMA waveform model, which only includes the ` =
|m| = 2 mode.
We explored a variety of gauge-invariant objects to di-
rectly compare NR and ENIGMA waveforms, and found
that the dimensionless object Mω, where ω is the mean
orbital frequency, and M stands for the total mass of the
BBH, provides a robust approach to capture the signa-
tures of eccentricity. To computeMω using our NR wave-
forms, we first extract the waveform modes h`,m at future
null infinity using the open source software POWER [118].
As mentioned above, since we will be comparingMω with
a waveform model that only includes the ` = |m| = 2
mode, we take only the waveform mode h(`=|m|=2)(t) to
compute Mω using the following relations:
h(`=|m|=2)(t) = h+ − ih× , (1)
Mω = Mφ˙(`=|m|=2) =
1
2
h˙+ h× − h+ h˙×
h2+ + h
2×
, (2)
where φ˙(`=|m|=2) is the unwrapped GW phase of
h(`=|m|=2)(t). On the other hand, the quantity Mω is
one of the building blocks of the ENIGMA model, which
includes tail, tails-of-tails and non-linear memory correc-
tions at 1.5PN, 2.5PN and 3PN order [18, 22]. To be self-
contained, it is worth mentioning that the mean orbital
frequency, ω, is related to the mean motion, n, through
the relation ω = Kn, where K is the periastron preces-
sion. Furthermore, the mean anomaly, l, is related to the
mean motion, n, through the relation Ml˙ = Mn [121].
A. Optimization algorithm
In order to characterize an NR waveform, we compare
it to ENIGMA waveforms generated algorithmically. Ini-
tial conditions of the ENIGMA simulation are varied until
the ENIGMA time evolution of Mω agrees with the NR
evolution to a specified degree of accuracy. The ENIGMA
parameters of concern are initial orbital eccentricity e0,
initial GW frequency f0, and mean anomaly l0. This
method is schematically described in Figure 1. Follow-
ing [122], we parameterize the orbital eccentricity, e, in
the ENIGMA model using the PN time eccentricity param-
eter, i.e., ePNt → e.
The NR waveform is first preprocessed by cutting off
initial noise (junk radiation). We then apply a Savitsky-
Golay filter to remove high frequency noise from the Mω
time-series data. We have used the Python implementa-
tion of the Savitsky-Golay filter, which is extensively used
to remove high frequency noise from data while preserv-
ing the original features of the signal better than other
types of filtering approaches, such as moving averages
techniques [123]. Applying this filter also allows for more
accurate detection of local extrema in the signal. Figure 2
presents the input and output time-series data when we
use this filter to remove high-frequency noise from the
Mω time-series data.
From a modeling perspective, we know that both ec-
centricity and gravitational wave frequency are coupled
(this is the reason why many semi-analytical approaches
have been explored in recent years using the stationary
phase approximation [71, 104, 107, 124]). In view of this
observation, we optimize (e0, f0) simultaneously. On the
other hand, we know that the net effect of varying l0 is to
introduce what amounts to a minor shift in the position
of the peaks of the orbital frequency Mω. To reduce com-
putational time, we perform a separate, coarser search for
l0 instead of optimizing it simultaneously with the other
parameters. Since we know experimentally that values
close to l0 ∼ pi will produce ENIGMA waveforms that tend
to be aligned with their NR counterparts, we start the
3optimization with this seeded value for l0 and then do
minor refinement to this value later on.
Since input parameters are required to produce ENIGMA
waveforms, seed values are initialized for f0 and l0. We
provide an informed guess of GW frequency using the
relation ω0/ (Mpi), where ω(t0) = ω0 and t0 is the time
at which the NR waveform is free from junk radiation.
Mean anomaly is initialized to pi, a value manually de-
termined to be optimal through verification of a few in-
dividually sampled NR waveforms. Orbital eccentricity
does not require a seed value since the range of possible
values is consistent for all catalogued waveforms, so the
following grid search directly samples eccentricity from a
predefined range.
The algorithm starts with a grid search in the 2D pa-
rameter space of (f0, e0), and iteratively refines the re-
sulting parameter guess. To generate the grid, we densely
sample the frequency range f ∈ [f0− 5Hz, f0 + 5Hz] and
the eccentricity range e0 ∈ [0.1, 0.3]. For each coordi-
nate pair, an ENIGMA Mω is produced using the spec-
ified (f0, e0) values and the seeded l0. The resulting
Mω time evolution is then compared to that of the orig-
inal NR waveform. Parameters are chosen that mini-
mize two cost functions. Specifically, the optimal coor-
dinate pair is that which minimizes the two cost func-
tions |tFCENIGMA − tFCNR| and |A∗ENIGMA − A∗NR|, where tFC is
the time duration of the first orbital cycle (time between
two consecutive maxima, as shown in Fig. 3) and A∗ is
the amplitude (difference in Mω from first maximum to
first minimum, as shown in Fig. 3) respectively. Because
the eccentricity is most easily measurable early on in the
waveform time evolution, only the first orbital cycle is
considered in these cost functions. Throughout this grid
search, l0 is held constant.
After completing the grid search, the chosen (f0, e0)
parameters are further refined iteratively using a hill-
climbing approach. In this stage, the initial GW fre-
quency and orbital eccentricity are independently varied
stepwise. In order to avoid the hill-climbing problem of
finding a solution at a local minimum of the cost func-
tion, the initial guesses of (f0, e0) are randomly sampled
within the range confined by the grid search, and the
greedy search is repeated until parameters are found that
vary by ≤ 1%. This “greedy” search is run for a preset
number of iterations. At each iteration, an ENIGMA wave-
form is generated using the current (f0, e0) guesses and
the seeded l0. Properties of the Mω evolution are then
compared between the ENIGMA and NR models to deter-
mine how to increment e0 and f0. Initial eccentricity
is evaluated depending on the amplitude of the first or-
bital cycle A∗, calculated again as the difference in Mω
from first maximum to first minimum. If A∗ENIGMA > A
∗
NR,
then the current e0 guess is too large, so e0 is decreased;
vice versa is true for A∗ENIGMA < A
∗
NR. Initial frequency is
varied based on the time t∗ each simulation reaches the
threshold frequency, which corresponds to the time at
which a quasi-circular waveform would be attached in the
ENIGMA model. If t∗ENIGMA−t∗NR > 0, the current f0 guess is
Seed Values
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FIG. 1. A schematic of the algorithm used to characterize
NR waveforms. First, f0 and e0 are roughly estimated using
a grid search determining the optimal coordinate pair (e∗0, f
∗
0 ).
An iterative search is then performed on f∗0 and e
∗
0 to increase
precision. With these refined fˆ0 and eˆ0, a second grid search
is used to find the optimal lˆ0. The output is the optimal triple
(eˆ0, fˆ0, lˆ0).
too low, so f0 is increased; conversely, if t
∗
ENIGMA−t∗NR < 0,
the current f0 guess is decreased. To increase parameter
precision, increment step size is one degree of precision
higher than that of the grid search resolution. Using as
input seeds the values found for (f0, e0), we constrain l0
using an additional grid search. This second grid search
finds the l0 (sampled from the range l0 ∈ [0, 2pi)) mini-
mizing the cost function |tMENIGMA−tMNR|, where tM is the
difference in time of first orbital cycle occurrence between
the ENIGMA and NR waveforms.
Upon finding the optimal values (fˆ0, eˆ0, ˆ`0), we recast
the initial parameter into one that is more commonly
used to describe NR waveforms, i.e., xˆ0 = (Mω0)
2/3
.
In Figure 3 we present results of this optimization pro-
cedure for a sample of NR waveforms. Note that the
Mω time-series datasets presented therein have already
been cleaned from high-frequency noise using a Savitsky-
Golay filter, as shown in Figure 2. We used this method
to characterize the 89 NR waveforms presented in [1].
The properties of the BBHs considered in this study are
summarized in Table I.
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FIG. 2. Removal of high frequency noise from Mω using a
Savitsky-Golay filter. Notice that this filtering scheme does
not remove the true eccentricity features from the time-series
data.
TABLE I. The table presents the mass-ratio, q, and the mea-
sured values of initial eccentricity, mean anomaly and dimen-
sionless orbital frequency, (eˆ0, lˆ0, xˆ0), at a time, t0, when the
numerical relativity simulations are free from junk radiation.
Simulation q eˆ0 lˆ0 xˆ0
E0001 1.0 0.052 3.0 0.0770
K0006 4.0 0.068 3.0 0.0826
L0009 4.5 0.052 3.0 0.0839
L0016 5.0 0.140 2.9 0.0862
P0001 6.0 0.050 3.0 0.0867
P0017 8.0 0.060 3.0 0.0927
P0006 8.0 0.080 2.9 0.0931
P0007 8.0 0.100 2.9 0.0926
P0009 10.0 0.060 2.9 0.0971
P0022 10.0 0.080 2.9 0.0979
P0023 10.0 0.120 2.9 0.0968
P0024 10.0 0.180 3.0 0.0957
III. CHARACTERIZATION OF ECCENTRIC
NUMERICAL RELATIVITY WAVEFORMS
To demonstrate that our optimization algorithm pro-
vides an accurate characterization of eccentric NR wave-
forms, in Figure 4 we present overlap calculations be-
tween ENIGMA waveforms using the corresponding opti-
mal triplet (eˆ0, lˆ0, xˆ0) and their NR counterparts. We
note that the overlap between the two classes of wave-
forms is O ≥ 0.95. An important finding of these results
is that ENIGMA is correctly characterizing NR waveforms
of moderately eccentric BBH mergers that have rather
asymmetric mass-ratios.
Given that ENIGMA has only been validated, as opposed
to calibrated, with NR waveforms, these results indicate
that it is possible to capture the physics of eccentric com-
pact binary systems by combining in a consistent man-
ner results from several analytical relativity approaches,
such as PN and BH perturbation theory and the self-force
program. Much work still remains to be done to provide
a robust framework to extend these formalisms to ac-
curately describe the inspiral-merger-ringdown of highly
eccentric systems.
As we mentioned above, ENIGMA was constructed un-
der the assumption that moderately eccentric BBH sys-
tems circularize prior to merger. When we constructed
ENIGMA, we determined the transition point between in-
spiral and merger by constraining the time window before
merger within which state-of-the-art, inspiral-merger-
ringdown quasi-circular waveforms [35] and quasi-circular
ENIGMA waveforms have overlaps O ≥ 0.99. From this
time window, we selected the attachment time closest to
merger. At the time of that study we had produced ec-
centric NR waveforms with mass-ratios q ≤ 5.5, which we
used to validate this approach [18]. Having constructed
an NR waveform catalog that now covers a deeper pa-
rameter space [1], we can actually quantify the circular-
ization rate of more asymmetric mass-ratio BBHs that
retain non-negligible eccentricities just a few cycles be-
fore merger. This is discussed in the following section.
IV. CIRCULARIZATION OF ECCENTRIC
BINARY BLACK HOLE SYSTEMS
To quantify the circularization of moderately eccentric
BBH mergers, we compare them directly to quasi-circular
BBH mergers that have identical mass-ratios. In prac-
tice, and assuming a flat power spectral density, we com-
pute the inner product between eccentric NR waveforms,
h(t) = h+ − ih×, and their quasi-circular counterparts,
s(t) = s+ − is×, using the relation
(h(t) | s(t)) =
∫ T
t0
[h∗(t) s(t) + h(t) s∗(t)] dt , (3)
(h(t) | s(t)) =
∫ T
t0
[h+(t) s+(t) + h×(t) s×(t)] dt , (4)
where t0 is a fiducial time from which we compute the
overlap, and T corresponds to the merger time. We then
compute the normalized overlap
(
hˆ(t) | sˆ(t)
)
=
(h(t) | s(t))√
(h(t) |h(t)) (s(t) | s(t)) . (5)
Finally, the quantity we quote for our results below is the
maximized overlap
O (h, s) = max
tc ,φc
(
hˆ(t) | sˆ(t)
)
, (6)
which is obtained by maximizing the normalized overlap
over time and phase of coalescence, (tc , φc), respectively.
We have selected a variety of scenarios to illustrate how
mass-ratio and initial eccentricity, e0, drive the circular-
ization of eccentric BBHs. Figure 5 indicates that for
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FIG. 3. Comparison between the dimensionless orbital frequency, Mω, of numerical relativity simulations and their corre-
sponding post-Newtonian counterparts. Each post-Newtonian evolution was constructed using the ENIGMA model and optimal
values for the triplet (eˆ0, fˆ0, lˆ0) provided by the algorithm described in Section II. The extrema used in search cost functions
are marked.
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FIG. 4. Comparison between NR waveforms and their ENIGMA counterparts. The ENIGMA waveforms were constructed using the
optimal values for the triplet (eˆ0, fˆ0, lˆ0) as determined by the algorithm introduced in Section II.
7the more eccentric systems (see Table I), circularization
only happens about 50M before merger. We also no-
tice that the increase in overlap, as t0 → 0 in Eq. (4),
is not monotonic. Rather, it has an oscillatory behavior
that tracks the eccentric trajectory of the BBH system,
and which is clearly captured by the waveform ampli-
tude. We have included the waveform amplitude of the
eccentric and quasi-circular signals in the panels of Fig-
ure 5 to clearly show this finding. Notice that as soon as
the waveform amplitude of the eccentric signal becomes
increasingly monotonic, so does the overlap.
In view of this analysis, we conclude that modeling ec-
centric BBH mergers under the assumption that they cir-
cularize prior to merger requires two key components:
(i) an effective scheme that describes the early inspi-
ral evolution, and which remains accurate at least 50M
before merger; (ii) a stand-alone quasi-circular merger
that can be smoothly attached to the late-inspiral evo-
lution. To accomplish this, it is key that future models
go beyond low-order PN approximation to describe the
radiative and conservative pieces of the waveform dynam-
ics [18, 22, 124, 125].
V. HIGHER-ORDER WAVEFORM MODES
The impact of higher-order waveform modes for GW
detection in terms of signal-to-noise (SNR) calculations
has been explored in [19]. In this section we now
quantify the impact of including the modes (`, |m|) =
{(2, 2), (2, 1), (3, 3), (3, 2), (3, 1), (4, 4), (4, 3), (4, 2),
(4, 1)} in terms of overlap calculations. In practice,
what we do is to construct two types of signals, one
that includes the ` = |m| = 2 mode only, and one that
includes all the (`, |m|) modes listed above using the
relation
h(t, θ, φ) = h+−ih× =
∑
`≥2
m≤∑`
m≥−`
h`m−2Y`m (θ, φ) , (7)
where −2Y`m (θ, φ) are the spin-weight–2 spherical har-
monics [121], and the reference frame described by (θ , φ),
fixed at the center of mass of the BBH, determines the
location of the GW detector. We construct higher-order
mode NR waveforms using Eq. (7), and follow [19] to de-
termine the (θˆ , φˆ) combinations that maximize the con-
tribution of (`, |m|) modes for GW detection. In prac-
tice, we densely sampled the (θ , φ) parameter space, and
constrained the regions where the integrated amplitude
of the (`, |m|) waveforms is larger than that of their
` = |m| = 2 counterparts.
Upon constructing NR waveforms with the optimal
(θˆ , φˆ) combinations, we compute their overlap using
Eq. (6), but now setting t0 to the time at which the
NR waveform is free from junk radiation, and T to the
final time sample of the NR waveform (see Eq. (3)). We
present results for these calculations for a variety of astro-
physically motivated scenarios in Figure 6. These results
indicate that the inclusion of higher-order modes does
not quantitatively modify the morphology of ` = |m| = 2
NR waveforms that describe equal-mass, eccentric BBH
mergers. However, NR waveforms that describe asym-
metric mass-ratios, eccentric BBH mergers have a much
richer topology that requires the inclusion of (`, |m|).
Note that the overlap results shown in the four pan-
els in Figure 6 have been produced using NR wave-
forms of different lengths. The key point to extract
from these analyses is that searches for eccentric BBH
mergers that have asymmetric mass-ratios will require
signal-processing tools that include higher-order wave-
form modes. The construction of such algorithms must
be pursued in the near future.
VI. CONCLUSIONS
In this article we introduced a method to character-
ize numerical relativity waveforms that describe non-
spinning black holes on moderately eccentric orbits. To
do this, we construct a catalog of ENIGMA waveforms, and
then we sift through them until we find the optimal com-
bination of parameters that produce an ENIGMA waveform
that best replicates a given NR waveform. Through this
procedure, we optimize three orbital parameters, namely,
initial orbital eccentricity, initial mean anomaly, and ini-
tial dimensionless orbital frequency. We have demon-
strated that when we compute the overlap between our
optimized ENIGMA waveforms and their NR counterparts,
we obtain overlaps O ≥ 0.95.
We also quantified the circularization rate of ` = |m| =
2 eccentric NR waveforms by computing the overlap be-
tween these signals and their quasi-circular counterparts.
By choosing a variety of representative systems from our
NR catalog [1], we found that all NR waveforms, with ec-
centricities e0 ≤ 0.2 fifteen cycles before merger, circular-
ize at least 50M before merger. These findings have a va-
riety of implications for ongoing source modeling efforts.
For instance, modeling eccentric BBH mergers under the
assumption of circularization prior to merger would re-
quire a scheme that accurately describes the effects of ec-
centricity during the early inspiral evolution, and which
also remains accurate deep into the strong-field regime
up to just a few tens of M before merger. We expect
that ongoing developments in PN theory and in the self-
force program will provide the required elements to fur-
ther enhance the accuracy of existing waveform models
to accomplish this goal.
Finally, we explored the need to include higher-order
waveform modes to accurately describe the waveform
morphology of eccentric BBH mergers. In previous stud-
ies, we quantified the importance of (`, |m|) modes for
GW detection in terms of SNR calculations. In this study
we have broadened that initial approach, showing that
the inclusion of (`, |m|) modes is essential for an accu-
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FIG. 5. Overlap between eccentric numerical relativity waveforms and their quasi-circular counterparts. We show the overlap,
computed between a fiducial time, t0, and merger, t = 0M . These results show that moderately eccentric systems circularize
prior to merger. Note also that the decrease in overlap as we go backwards in time is not monotonically decreasing. This is
expected, since the overlap between the quasi-circular and eccentric systems will be different if we start the comparison when
the eccentric system is close to apoapse or periapse. This distinct property between eccentric and quasi-circular orbits is not
washed away by maximizing over phase and time of coalescence when computing the overlap.
rate description of asymmetric mass-ratio, eccentric BBH
mergers.
Having completed these studies, it is now in order to
start developing in earnest NR waveform catalogs that
describe spinning BBHs on eccentric orbits, and assess
the interplay of spin and eccentricity in the dynamical
evolution of these GW sources. Extracting observable
signatures from their NR waveforms will inform future
GW searches that may confirm or rule out the existence
of these type of compact binary populations in dense stel-
lar environments.
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